Abstract: Given subset E of natural numbers FS(E) is defined as the collection of all sums of elements of finite subsets of E and any translation of FS(E) is said to be Hilbert cube.We can define the multiplicative analog of Hilbert cube as well. E.G. Strauss proved that for every ε > 0 there exists a sequence with density > 1 − ε which does not contain an infinite Hilbert cube. In the present note we give an estimation how dense could be an infinite Hilbert cube in a dense sequence. As a consequence we derive a result in which we ensure a dense additive Hilbert cube which avoids a multiplicative one.
Introduction
Let N be the set of natural numbers. We call H ⊂ N a k-dimensional Hilbert cube if there exist a > 0 and x 1 < x 2 < . . . < x k such that
ε i x i : ε i = 0 or 1 .
The name is a reverence to Hilbert who proved essentially the first Ramsey-type theorem: for any k ≥ 1, if N is finitely colored than there exists in one color infinitely many translates of a k-cube.
The density version of the Hilbert's result, which was an important part of Szemerédi's proof of his (1)
The author investigated how sharp is this bound in certain sets (see [HE1] ,[HE2]). Related questions
We can define inf inite Hilbert cubes as well: Let x 1 < x 2 < . . . be an infinite sequence of
integers. An infinite Hilbert cube with base point a 0 and edges x 1 < x 2 < . . . is defined by
As in (1) we may estimate the number of edges not exceeding n of an infinite Hilbert cube.
. .) be a Hilbert cube. We define the dimension function of H as
In [BE-RU] the authors proved that the sequence of squarefree numbers contains an infinite Hcube. They derived this result from the following: Assume A is an infinite sequence of integers not containing 1 and In the ergodic-combinatorial number theory a set is said to be IP -set if it contains an F S(A)
where F S(A) is the set of all sums of the form x i a i ; x i is an integer fulfils 0 ≤ x i ≤ i and
A multiplicative generalization of this notion would be the following: a set E is said to be IP Π -set if it contains an F P (E) where F P (E) is the set of all products of the form e
In the present note we investigate the above mentioned problem when P is a lacunary sequence of primes.
DEFINITION:
A sequence P = {p 1 < p 2 < . . . < p i < . . .} is said to be λ-lacunary if for every i = 1, 2, . . .
The main aim of this note to estimate the dimension H λ (n) of a Hilbert cube which avoids F P (P ). It will be deal in section 3.
Hilbert cube in dense sets
In [HI] E.G. Strauss proved that for every ε > 0 there exists a sequence with density > 1 − ε which does not contain an infinite Hilbert cube (see in [HI] ). On the other hand it was proved in [NA1] that every sequence of integers with density 1 contains an infinite Hilbert cube. In the following theorem we give an estimation for H(n) of a H-cube avoiding a thin sequence, and the estimation for H λ (n) will be derived from this theorem.
First we prove a lemma which helps us to state the theorem:
Assume that A is a sequence of positive integers with A(x) = o(x/ log 2 x). There exists a non-decreasing function ω(x) defined on integers for which ω(x) → ∞ as x → ∞ and
PROOF OF LEMMA 1:
We show that for every K ∈ N there is an
will be the desired function. Now we are in the position to formalize our theorem. ). There exists an inf inite Hilbert cube
PROOF OF THEOREM 1:
We have to find a sequence n 1 < n 2 < . . . < n k < . . ., a Hilbert cube H, and an absolute constant c for which
i.e., it is sufficient to define a Hilbert cube
We shall show that c can be chosen as 1 6 . Let a 0 = 0 and let x 1 = 1, and n 1 = 2 and assume that the sequences {x 1 , x 2 , . . . , x m } and n 1 < n 2 < . . . < n t have been defined so that Since the function ω(x) tends to infinity as x tends to infinity such a number exists. Let
and define the set B by
Let n ∈ B and write n in a canonical form n = p
p i is a prime number. Clearly
Now consider the smallest prime number not contained in the set P . Let it be p L . We have
Finally define
2 , and M < ω(n t+1 ) < n t+1 /2. Thus we have m + T many vertices of our Hilbert cube, i.e.
H(n
By the prime number theorem p L ∼ L · log L, and so
as we wanted.
In the rest of the proof we have to show that H = H(0, x 1 < x 2 < . . . < x m+T ) avoids the sequence A. Consider first the Hilbert cube H = H (0, x m+1 < x m+2 < . . . < x m+T ). Since every
Furthermore by the definition of p L for every n for which min a∈A |a − n| ≤ M holds, p L |n. Thus we have for every a ∈ A and k ∈ H
It follows, using
that for every k ∈ H(0, x 1 < x 2 < . . . < x m+T ) and for every a ∈ A that |a − k| ≥ 1, as we stated.
Additive and Multiplicative Hilbert cubes
In the present section we give an estimation for the dimension of an additive Hilbert cube which avoids a multiplicative one. We prove THEOREM 2: Since the sequence of primes P is a λ-lacunary we have p i+1 > λp i for every i ≥ 1. We conclude from it that for every i ≥ 1,
holds.
We need the following lemma:
LEMMA 2:
If the sequence P = {p = p 1 < p 2 < . . . < p i < . . .} is a λ-lacunary sequence of primes then
where the constants c and c λ depend only on λ (c can be chosen as c = π 2 3 log λ ).
PROOF OF LEMMA 2:
thus we only have to give an upper estimation for the cardinality of Λ.
We shall use a classical result on partitions. Denote by p(n) the unrestricted partition function which counts the number of partitions n = a i ; (a 1 ≥ a 2 ≥ . . .). Then by the theorem of Ramanujan (see in [NA2] ) we have
An easy calculation shows that the summation function of p(n) is
Thus we obtain 
